ECE 109: Comprehensive Equation Reference

Every Equation with Complete Variable Definitions (Lessons 1-6)

Physical Constants

h 6.626 x 1073* Js
hi=h/2r 1.055x 1073* Js

he 1240 eV nm

Me 9.109 x 1073* kg

e 1.602 x 107 C

kg 1.381 x 1072 J/K = 8.617 x 107° eV/K
€0 8.854 x 1072 F/m

1o 47 x 1077 N/A?

co 3.0 x 108 m/s

Na 6.022 x 10?3 mol~*

ao 0.0529 nm (Bohr radius)

e?/(4meo) 1.44 eV nm (Coulomb shortcut)
ksT|300x 0.02585 eV

h = Planck’s constant; & = reduced Planck’s constant (“h-bar”); m. =
electron rest mass; e = elementary charge (magnitude of electron charge);
kp = Boltzmann constant; eg = permittivity of free space; up = perme-
ability of free space; co = speed of light in vacuum; N4 = Avogadro’s
number (atoms per mole); ap = Bohr radius (most probable electron—
nucleus distance in hydrogen ground state). Constants are referenced by
symbol throughout this document.

‘Wave—Particle Duality
E=hf=h

Planck—Einstein relation: energy of a single photon. E = photon energy
[J or eV]; h = Planck’s constant; f = frequency of the electromagnetic
radiation [Hz|; h = h/(27); w = 2nf = angular frequency [rad/s].
h_ng

A c
Photon momentum. p = momentum of the photon [kgm/s]; A = wave-
length of the radiation [m]; ¢ = speed of light in the medium [m/s].

Photoelectric: KFEmax = hf — ®

Photoelectric effect: maximum kinetic energy of electrons ejected from
a surface by incident light. K Fmax = maximum kinetic energy of emit-
ted photoelectrons [J or eV]; hf = energy of the incident photon; ® =
work function of the material, the minimum energy required to extract
an electron from the surface [eV]. No emission occurs if hf < ®.

h h

P V2meeV

de Broglie wavelength: every particle with momentum p has an associ-
ated wavelength. A = de Broglie wavelength [m]; p = particle momentum
[kgm/s]; me = electron mass; e = elementary charge [C]; V = acceler-
ating potential difference the electron has been accelerated through [V].
The second form applies to an electron accelerated from rest through
potential V', using KE = eV = p?/(2me).

Wien AmaxT = 2.898 x 107° mK

Wien’s displacement law: relates the peak emission wavelength of a black-
body to its temperature. Amax = wavelength at which spectral radiance
is maximum [m]; 7' = absolute temperature of the blackbody [K]. Hotter
objects emit at shorter wavelengths.

P PX
Ton = he

Rate of photon emission from a monochromatic source.

Photon flux N =

N = number
of photons emitted per second [photons/s]; P = total radiated power of
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the source [W]; Ep,j, = hf = he/X = energy of a single photon [J]; A =
wavelength [m].

Thermal A\ )\B = h/\/ 3kaT

Thermal de Broglie wavelength. Ap = de Broglie wavelength of a particle
at thermal equilibrium [m]; m = particle mass [kg]; kg = Boltzmann con-
stant; 7' = absolute temperature [K]. Quantum effects become important
when Ap approaches the average interparticle spacing.

Schrodinger Equation

Momentum op. ﬁ = —ih—

ox

Quantum mechanical momentum operator (1D). p = momentum oper-
ator; i = y/—1 = imaginary unit; i = reduced Planck’s constant; 9/0z
= partial derivative with respect to position z [m]. Applied to ¥ (z) to
extract momentum information.

Expectation <A> :/’(,Z}*A’lz)dl’

Expectation value of an observable. (A) = average value of observable
A over many measurements; ¥* = complex conjugate of the wavefunc-
tion ; A= quantum operator corresponding to observable A (e.g., p
for momentum, H for energy); 1 = wavefunction of the particle; dx =
integration over all space.

ES)
Normalization / |1/J|2 dr =1
— 00

Born interpretation: the particle must be found somewhere. |¢(x)|? =

probability density, the probability of finding the particle per unit length
'

at position & [m~']; the integral of this over all space equals 1.

TDSE ih%w) — A

Time-dependent Schrédinger equation: governs how a quantum state
evolves in time. ¢ = imaginary unit; 2 = reduced Planck’s constant;
0/0t = partial time derivative; 1)) = quantum state (wavefunction); H

= Hamiltonian operator (total energy operator).
N B,
Hamiltonian H = —7V =+ V(I‘)
2m

Hamiltonian: total energy operator = kinetic + potential. H = Hamil-
tonian operator; i = reduced Planck’s constant; m = particle mass [kg];
V2 = 9% /022402 /0y?+0? /02 = Laplacian operator (3D second spatial
derivative); V(r) = potential energy as a function of position [J].

d*p  2m.

Tt o (B=V)Y =0

Time-independent Schrodinger equation (1D). 9 (x) = spatial part of the

TISE

wavefunction (depends only on position); z = position [m]; me = electron
mass; h = reduced Planck’s constant; E = total energy of the particle [J
or eV]; V = V(z) = potential energy at position z [J or eV]. Solutions
give the stationary (time-independent) states.

Infinite Potential Well

Particle confined to 0 < & < a by infinitely high walls: V' = 0 inside,

V' = oo outside.
2
() = 2 sin(722)
a a

Normalized wavefunctions. 1, (z) = wavefunction for the nth quantum
state; a = width of the well [m]; n = 1,2,3,... = quantum number (pos-
itive integer; n = 1 is the ground state); = = position within the well
[m]. The \/2/a prefactor ensures normalization.

_ n’n?h? _ n?h?
" 2mea? T 8mea?
Quantized energy levels. E, = energy of the nth state [J or eV]; n =

E,

quantum number; i = reduced Planck’s constant; h = Planck’s constant;
me = electron mass; a = well width [m]. Both forms are equivalent. En-
ergy scales as n? and as 1/a’.
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2
= 2 (2

a
Probability density for the nth state. |y (x)|> = probability per unit
length of finding the particle at position  [m~!]. Maxima (antinodes)
occur at positions where sin? peaks; state n has n antinodes.

(2n + 1)h?
AE,=FEu+1 — FE, = ——2—
+ 8mea?

Energy spacing between adjacent levels. AF, = energy gap between

states n and n+ 1 [J or eV]. Spacing increases with n and decreases with

well width a.
N
8me \ a2 b2 c2

Energy levels for a particle in a 3D rectangular box.

3D box En1n2 ns3

ni,n2,n3 =
1,2,3,... = independent quantum numbers for each spatial dimension;
When a =b=c¢
(cubic box), different (n1,n2,n3) combinations can yield the same energy

a,b,c = box dimensions along z,y, z respectively [m)].

(degeneracy).
Finite Potential Well

B2 2meE 2 2m.(Vo — E)
T YT T

Wavevector and decay parameters. k = wavevector inside the well where

E > 0 [m™!], determines the oscillatory behavior of v inside; o = decay
constant outside the well where E < Vj [m~!], determines how fast
decays into the barrier; me = electron mass; E = particle’s total energy
[J or eV]; Vo = depth of the potential well (barrier height) [J or eV]; i
= reduced Planck’s constant.

ka
ven = kt -
E o an( 5 )

odd a = —kcot(%)

Transcendental equations for bound state energies. “Even” and “Odd”
refer to the parity (symmetry) of the wavefunction about the well center.
a = decay constant outside; k = wavevector inside; a = well width [m].
These equations have no closed-form solution; each graphical intersection
of left and right sides gives one bound state energy.

1 h

Penetration 0 — — = ————
a  \/2m.(Vo — E)

Penetration depth. § = characteristic distance the wavefunction extends

into the classically forbidden region outside the well [m]; o = decay con-

stant [m~1!]; Vo = barrier height [J or eV]; E = particle energy [J or eV].

—2x/6

The probability density decays as e outside the well.

Bound states N S \‘% —+ %1 / %;ii%%J

Maximum number of bound states. N = number of bound states the
well can support; |-| = floor function (round down); a = well width [m];
me = electron mass; Vo = well depth [J or eV]; h = reduced Planck’s

constant. A finite well always has at least one bound state (N > 1).

Quantum Tunneling
1
T=rFHas
1+ D sinh*(wa)

D= ‘/02 o= \/2me(V0—E)

AE(Vo — E)’ h
Exact transmission coefficient through a rectangular potential barrier. T
= transmission probability (dimensionless, 0 < T' < 1), the probability
that a particle incident on the barrier passes through it; D = dimension-
less barrier shape parameter; V() = barrier height [J or eV]; E = kinetic
energy of the incident particle [J or eV], with E < Vp; a = decay con-
stant inside the barrier [m~!]; a = barrier width (thickness) [m]; me =
electron mass; h = reduced Planck’s constant; sinh(z) = (e* —e™%)/2 =
hyperbolic sine.
. 16E(Vo — E)

Thick barrier T &~ Ty e 2%, Tp V2
0
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Approximate transmission for an opaque barrier (aa > 1). Ty = pre-
exponential factor (dimensionless); the exponential e~2%a dominates,
making 7" extremely sensitive to barrier width a and the energy deficit
Vo — E.

2me¢
ad e
YT

Scanning tunneling microscope. I = tunneling current between tip and

STM current [ ox Vj e 2

sample [A]; V, = bias voltage applied across the junction [V]; d = tip-
to-sample gap distance [m]; ¢ = average work function of tip and sam-
ple [eV]; @ = decay constant [m~!]; m. = electron mass; h = reduced
Planck’s constant. Current is exponentially sensitive to d, enabling sub-
angstrom height resolution.

Uncertainty Principle

h

h
. > = . > —
Ax Ap_2, AE At_2

Heisenberg uncertainty relations: fundamental quantum limits on simul-
taneous knowledge of conjugate variables. Az = standard deviation (un-
certainty) of position measurements [m]; Ap = standard deviation of
momentum measurements kgm/s]; AE = uncertainty in energy [J or
eV]; At = uncertainty in time, or the duration over which the energy is
measured [s]; //2 = minimum allowed product. These are intrinsic limits
of nature, not limitations of measurement apparatus.

Hydrogen Atom
7 e2
dmeor

V(r)

Coulomb potential energy between the nucleus and electron. V(r) = po-
tential energy as a function of distance [J or eV]; Z = atomic number
(number of protons in the nucleus; Z = 1 for hydrogen); e = elemen-
tary charge; £9 = permittivity of free space; r = radial distance between
electron and nucleus [m]. Negative sign indicates electrostatic attraction.

B, — —13.(23 eV

n

Quantized energy levels of the hydrogen atom. FE, = energy of the nth
level [eV]; n = 1,2,3,... = principal quantum number. n = 1 is the
ground state (E1 = —13.6 eV); n = oo corresponds to ionization (E = 0).

Negative energies indicate bound states.

L=hJ/I(t+1), L.=mh

Orbital angular momentum. L = magnitude of the electron’s or-
bital angular momentum [Js or kgm?/s]; £ = 0,1,2,...,n — 1 = or-
bital (azimuthal) angular momentum quantum number; L, = compo-
nent of angular momentum along the z-axis (the measurement axis);
my = —0,—L+1,...,0,...
values).

,+¢ = magnetic quantum number (2¢ + 1

S=hys(s+1)= ?E S. = msh

Electron spin angular momentum. S = magnitude of the intrinsic spin
angular momentum [Js|; s = 1/2 for all electrons (fixed); S. = z-
component of spin; ms = +1/2 (spin-up) or ms = —1/2 (spin-down)
= spin magnetic quantum number.

Quantum numbers: n = 1,2,...; £ =0...n—1; my = —€... +
0 me =+3

Summary of allowed quantum numbers. Each electron state is uniquely
specified by (n, £, mg, ms).

Degeneracy: n? orbitals, 2n? states per shell

n? = number of distinct spatial orbitals (unique £, m, combinations) in

shell n; 2n? = total states including both spin orientations (ms = +1/2).
Selection rules Al = :I:l, AMg = 0, +1

Rules for allowed electric dipole transitions (photon emission or absorp-
tion). A¢ = change in orbital quantum number; Am, = change in mag-
netic quantum number. Transitions violating these rules are “forbidden”
(occur with negligible probability).
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virial (T')=—FE, (V)=2F

Virial theorem for the Coulomb (1/r) potential. (T') = time-averaged
kinetic energy [eV]; (V) = time-averaged potential energy [eV]; E = to-
tal energy of the state [eV]. For the ground state: E = —13.6 eV, so
(T) = +13.6 eV and (V) = —27.2 eV.

Ionization [ = —En = 136/712 eV

Tonization energy. I = minimum energy needed to completely remove
the electron from level n to r = co (E = 0) [eV]; E, = energy of the
bound state (negative).

471'5077,2

o2 = 0.0529 nm

Bohr radius Qg =

Bohr radius: characteristic length scale of the hydrogen atom. ag = most
probable distance between electron and nucleus in the ground state [ml];
€0 = permittivity of free space; h = reduced Planck’s constant; m. =
electron mass; e = elementary charge.

Interatomic Bonding

r rm
General interatomic pair potential. FE(r) = potential energy between
two atoms as a function of their separation r [J or eV]; r = interatomic
distance [m]; —A/r = long-range attractive term (Coulombic, van der
Waals, etc.); +B/r™ = short-range repulsive term (Pauli exclusion, elec-
tron cloud overlap); A = attractive constant [eV m]; B = repulsive con-
stant [eV m"™]; m &~ 6-12 = repulsive exponent (always m > 1). Equi-
librium occurs at the minimum of E(r).
Me?
471'60
Attractive constant for ionic bonding. M = Madelung constant (dimen-

Ionic A =

sionless), accounts for the summed Coulomb interactions with all ions in
the crystal lattice (geometry-dependent); e = elementary charge; €9 =
permittivity of free space.

Me? B
+

Elattice("') = —471'8 r m
0

Total lattice energy per ion pair in an ionic crystal. Same variables as
above; this is the pair potential with the Madelung-corrected attractive
term that accounts for the entire crystal.

Evona = é (1 - l)
T0 m

Cohesive (binding) energy at equilibrium. Ey,n,q = depth of the poten-
tial energy minimum [eV], the energy required to separate the ion pair to
infinity; A = attractive constant [eV m]; 7o = equilibrium bond distance
[m] where dE/dr = 0; m = repulsive exponent.

dE
Equilibrium —— =0
dr o
— mB - 4meg 1/(m=1)
0= e2M

Equilibrium separation. rg = bond length where attractive and repulsive
forces balance [m]; found by setting the derivative of E(r) to zero and
solving. m = repulsive exponent; B = repulsive constant; €9 = permit-
tivity of free space; e = elementary charge; M = Madelung constant.

Crystal Structures

atoms CN APF r(a)
sc 1 6 052 a/2
BCC 2 8 068 aV3/4
FCC 4 12 074 av2/4
DC 8 4 034 aV3/8

Crystal structure properties. SC = simple cubic; BCC = body-centered
cubic; FCC = face-centered cubic; DC = diamond cubic (e.g., Si, Ge).
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“atoms” = number of atoms per conventional unit cell; CN = coordi-
nation number (number of nearest neighbors per atom); APF = atomic
packing fraction (volume of atoms / volume of cell); r(a) = relation-
ship between atomic radius r and lattice constant a [m], derived from
geometry of touching spheres along the close-packed direction.

ne My,

Ny a3
Mass density of a crystal. p = density [kg/m?]; n. = number of atoms per

Density p =

unit cell (from table above); M, = molar mass (atomic weight) [kg/mol];
N4 = Avogadro’s number [mol~!]; a = lattice constant (side length of
the cubic unit cell) [m]. The denominator N4 -a® converts from per-cell
to per-volume.

Nacl M =1.748 csc1 M =1.763

Madelung constants for common ionic crystal structures. M = dimen-
sionless sum over the crystal lattice accounting for alternating signs of
ionic charges and their distances.

2 2v2 4

a2’ g110 = 2 J111 = V3a2

Planar atomic density for diamond cubic (Si). opk; = number of atoms

Surface 0100 =

per unit area on the (hkl) crystal plane [atoms/m?]; a = lattice constant
[m]; (hkl) = Miller indices specifying the crystal plane orientation.

X-ray Diffraction
dppt = ———
N Ew
Interplanar spacing for cubic crystals. dpx; = perpendicular distance be-
tween adjacent (hkl) lattice planes [m]; a = lattice constant [m]; h,k,1
= Miller indices (integers specifying the plane family orientation).

2dsinf = nX\ (Bragg’s law)

Condition for constructive X-ray diffraction from crystal planes. d = in-
terplanar spacing [m]; 6 = Bragg angle, the angle between the incident
X-ray beam and the crystal plane (not the surface normal) [rad or de-
grees]; n = 1,2,3,... = diffraction order (integer); A = X-ray wavelength
[m].

Systematic absences:

BCC: h+k+1 =even FCC: h,k,l all odd or all even

Extinction rules: certain reflections are missing due to destructive in-
terference from basis atoms within the unit cell. BCC allows diffraction
only when h + k + [ is even; FCC allows diffraction only when h, k,[ are
all odd or all even.

Crystal Defects

Ny = Nexp(— k'EvT>
B

Equilibrium vacancy concentration (Arrhenius relation). n, = number
of vacancies per unit volume [m~3]; N = total number of atomic sites
per unit volume [m~3]; E, = vacancy formation energy (energy cost
to create one vacancy) [J or eV]; kg = Boltzmann constant; T = ab-
solute temperature [K]. Vacancy concentration increases exponentially
with temperature.

Stoichiometry
.CC’MA g
xMa+yMg’ ¢ Zj n;

Composition measures. w4 = weight fraction of element A in compound
Ay By (dimensionless, 0 < w < 1); ,y = number of atoms of A and B
per formula unit; M4, Mp = molar masses of elements A and B [g/mol];
z; = mole fraction of component i (dimensionless); n; = number of moles
of component i [mol]; 7, n; = total moles of all components.

Band Theory
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Band gap energy. E4 = band gap [eV], the energy range with no allowed
electron states in a semiconductor or insulator; E. = energy of the con-
duction band edge (bottom of conduction band) [eV]; E, = energy of
the valence band edge (top of valence band) [eV].

Photoemission Metal: hf >& KFE= hf —®

Semiconductor: hf > Eg 4 x

Conditions for photoemission. In metals: a photon of energy hf must
exceed the work function ® (energy from Fermi level to vacuum). In
semiconductors: hf must exceed E4 + x to free an electron from the
valence band to vacuum. x = electron affinity, the energy from the con-
duction band edge E. to the vacuum level Eyac [eV]; & = work function,
the energy from the Fermi level Er to the vacuum level [eV]; KE =
kinetic energy of the emitted electron.

E—k Dispersion & Effective Mass
R k?
E =
2my

Parabolic band approximation near a band extremum. FE = electron
energy measured from the band edge [J or eV]; h = reduced Planck’s
constant; k = crystal wavevector (related to the electron’s crystal mo-
mentum p = hk) [m~!]; m? = effective mass of the electron in the crystal
[kg]. The effective mass accounts for the periodic potential of the lattice,
so the electron behaves as a free particle with mass m} instead of me.

1 1d°E

m:  h2 dk2

Effective mass from band curvature. m} = effective mass [kg]; h = re-

duced Planck’s constant; d2FE/dk? = second derivative of the energy
dispersion E(k) with respect to wavevector [Jm?2]. A sharply curved
band (large d?E/dk?) gives a small effective mass (light carriers). Neg-
ative curvature gives negative effective mass, which defines holes in the
valence band.

Density of States

me \ 3/2
9(B) = 87v3 = ) B

Density of states for 3D free electrons. g(F) = number of available quan-

tum states per unit energy per unit volume [states/(eV m?) or J=tm~3];
me = electron mass (or m} in a crystal); h = Planck’s constant; E
= electron energy measured from the band bottom [J or eV]. The VE
dependence means more states are available at higher energies.

m(8mE')3/?
Sy(B') = ——=2 21—
(E) 373
Cumulative (integrated) density of states. S,(E’) = total number of

states per unit volume with energy up to E’ [states/m3]; m. = electron

mass; E/ = upper energy limit [J]; o = Planck’s constant.
Fermi—Dirac Statistics

F(B) = L

E—Ep)

kT

Fermi-Dirac distribution: probability that a quantum state at energy E

1+exp<

is occupied by an electron. f(E) = occupation probability (dimension-
less, 0 < f < 1); E = energy of the state [eV]; Ep = Fermi energy, the
energy at which f = 1/2 [eV]; kg = Boltzmann constant; T = absolute
temperature [K]. At 7" = 0, f is a step function: f =1 for £ < Ep,
f=0for E > Ep.

Boltzmann approx. f ~ 6_(E_EF)/(kBT) for £ — Er > kT

Classical (Boltzmann) approximation to Fermi-Dirac, valid when the
state energy is far above the Fermi level. Same variables as above.

N (BB
N, P kT

Boltzmann ratio
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Ratio of populations in two energy levels at thermal equilibrium. Np, Na
= number of particles occupying states at energies F1 and E> respec-
tively; Fo — E1 = energy difference between the two states [J or eV]; kp
= Boltzmann constant; 7' = temperature [K].

B2 (3n\%/?
= (2)

s

Fermi energy at absolute zero (T' = 0). EFpg = Fermi energy at T = 0
[J or eV]; h = Planck’s constant; me = electron mass; n = free electron
concentration (number density of conduction electrons) [m~3]. Higher
electron density gives higher Fermi energy.

71'2 kBT 2
Ep(T) = Ero 1_E(EF0)

Temperature-corrected Fermi energy. Er(7T) = Fermi energy at temper-
ature T [eV]; Epog = Fermi energy at T' = 0; kg = Boltzmann constant;
T = temperature [K]. The correction is small for metals at room tem-
perature since kT < Epq.

= 3
E=_-F
5 FO

Average energy per electron at 7' = 0. FE = mean kinetic energy of all
free electrons at absolute zero [eV]; Epg = Fermi energy at T'= 0. Even
at absolute zero, electrons have significant kinetic energy due to the Pauli
exclusion principle.

o = o5 (37)]

Temperature-corrected average electron energy. (E)(T) = mean energy
per electron at temperature T' [eV]; other variables as above.

Fermi vel. U = 4/ 2EF/m5

Fermi velocity: speed of electrons at the Fermi energy. vy = Fermi ve-
locity [m/s]; Ep = Fermi energy [J]; me = electron mass. Derived from

%mev% = Ep. For metals, typically vp ~ 10% m/s.

Thermal vel. Urms — 4/ 3]€BT/TTL5

Root-mean-square thermal velocity (classical). vrms = rms speed [m/s];
kp = Boltzmann constant; 7" = temperature [K|; me = electron mass.
For metals at room temperature, vrms < vVp.

T (SmeEpo>3/2

Inverse N = — 2

3
Electron concentration from Fermi energy (inverted Epg formula). n =
free electron concentration [m~3]; m. = electron mass; Fpo = Fermi
energy at T = 0 [J]; h = Planck’s constant.
4Tme
h2

Density of states for a 2D electron gas. gap = number of states per unit

2D DOS ¢§2p =

energy per unit area [states/(eV m?)]; me = electron mass (or effective
mass m); h = Planck’s constant. Unlike 3D, the 2D DOS is constant
(independent of energy).

Drude Model & Conduction

[2EFR
VF = s | =vpT
Me

Fermi velocity and mean free path. vy = Fermi velocity (speed of con-

duction electrons at the Fermi energy) [m/s]; Ep = Fermi energy [J];
me = electron mass; | = mean free path (average distance an electron
travels between scattering events) [m]; 7 = mean free time (average time
between collisions) [s].

T

Vdx =

T=uk,

e
Drift velocity in an applied electric field. vy, = drift velocity, the net
average velocity of electrons along the field direction [m/s]; e = elemen-
tary charge; E, = applied electric field in the z-direction [V/m]; me
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= electron mass; 7 = mean free time [s]; p = electron drift mobility
[m?/(Vs)].

€T

= —
Me

Electron drift mobility. g = mobility [m?/(V s)], a measure of how easily
electrons move through the material under an electric field; e = elemen-
tary charge; 7 = mean free time between scattering events [s]; me =
electron mass (or m} in semiconductors).

Jr = envgy = oE,

Current density (Ohm’s law in microscopic form). J, = current density
in the z-direction [A/m?2]; e = elementary charge; n = free electron con-
centration (number of conduction electrons per unit volume) [m™3]; vg,
= drift velocity [m/s]; o = electrical conductivity [S/m]; E, = applied
electric field [V/m].

ne27'

g =

= ney
Me

Electrical conductivity (Drude formula). o = conductivity [S/m)], inverse
of resistivity; n = free electron concentration [m*3}; e = elementary
charge; 7 = mean free time [s]; me = electron mass; p = electron mobil-
ity [m2/(Vs)]. Higher electron density or longer time between collisions
gives higher conductivity.

1
r="L =

A T
Resistance and resistivity. R = electrical resistance of a conductor [Q]; p
= resistivity [€2 m], an intrinsic material property (inverse of conductivity
0); L = length of the conductor along the current flow direction [m]; A

= cross-sectional area perpendicular to current flow [m?].
_ 1,22
Band model 0 = ze vpT §(EF)

Quantum (band theory) conductivity. ¢ = conductivity [S/m]; e = ele-
mentary charge; vp = Fermi velocity [m/s]; 7 = mean free time at the
Fermi energy [s]; g(EFr) = density of states evaluated at the Fermi energy

[states/(Jm?)]. Only electrons near Ep participate in conduction; this
formula accounts for that quantum mechanical fact.
Z-d-Ny
Electron conc. N = —————
Mat
Free electron concentration from material properties. n = conduction

electron density [m—3]; Z = valence (number of conduction electrons
contributed per atom); d = mass density of the material [kg/m3]; Ny =
Avogadro’s number; My; = molar (atomic) mass [kg/mol].

Me

ne2p
Mean free time extracted from measured resistivity. 7 = average time

Mean free time 7 =

between electron scattering events [s]; me = electron mass; n = electron
concentration [m~3]; e = elementary charge; p = measured resistivity
[2m]. Derived from p = 1/0 = me/(ne?7).

Resistivity Temperature Dependence
p(T) = po[L + oo (T — To)]

Linear approximation for resistivity vs. temperature. p(7T') = resistivity
at temperature T [QQm]; po = resistivity at reference temperature Tp
[2m]; ap = temperature coefficient of resistivity at Ty [K—1]; T = tem-
perature [K[; To = reference temperature [K]. Valid for small temperature
changes near Tp.

Matthiessen p = pT =+ pPI

Matthiessen’s rule: resistivity contributions are additive. p = total resis-
tivity [Q2m]; pp = contribution from thermal vibrations (phonon scatter-
ing), which increases with T'; p; = contribution from impurities and de-
fects (temperature-independent). Each scattering mechanism contributes
independently.

(© 2026 Thsan S. All rights reserved.

Thermoelectrics

d

1%
S = I (Seebeck coeft.)

Seebeck coefficient (thermopower). S = Seebeck coefficient [V/K]; dV =
open-circuit voltage developed across a material [V]; dT' = temperature
difference causing that voltage [K]. S > 0 for p-type, S < 0 for n-type
conductors.

T
Vap = | (Sa— Sp)dT
To
Thermocouple voltage. Vap = voltage measured between the two ends
of a thermocouple [V]; S, Sp = Seebeck coefficients of materials A and
B [V/K]; To = cold junction temperature [K]; 7' = hot junction temper-
ature [K].
D — Do
e
Contact (Volta) potential at a metal-metal junction.

Contact potential AV =

AV = built-in
voltage at the junction [V]; ®1, P2 = work functions of materials 1 and
2 [J or eV]; e = elementary charge. Electrons flow from the lower work
function material to the higher until Fermi levels align.

Maxwell’s Equations

VD = prree V-B=0
- 0B = - 9D
VXxE=—— VxH=J+"2
ot ot
Maxwell’s equations governing all classical electromagnetism. V- = di-

vergence operator; Vx = curl operator; D = electric displacement field
[C/m2]; prree = free charge density [C/m3]; B = magnetic flux density
[T); E = electric field [V/m]; H = magnetic field intensity [A/m]; J = free
current density [A/m?2]; 9/0t = partial time derivative [s~!]. First eq.:
charges produce electric fields. Second: no magnetic monopoles. Third
(Faraday): changing B induces E. Fourth (Ampere-Maxwell): currents
and changing D produce H.

EM Waves & Optics

V’E - l2 OE_,
c? Ot?
Electromagnetic wave equation in a linear, lossless medium. V2 = Lapla-
cian operator; E = electric field vector [V /m]; ¢ = phase velocity of light
in the medium [m/s]; ¢ = time [s]. Derived from Maxwell’s equations in

the absence of free charges and currents.

1 Co
n = 4/€ = —
,75011407 Ty & n

Speed of light and refractive index. c¢o = speed of light in vacuum [m/s];

Co =

€0 = permittivity of free space; pp = permeability of free space; n =
refractive index of the medium (dimensionless, n > 1 for normal materi-
als); e, = relative permittivity (dielectric constant) of the medium; ¢ =
phase velocity of light in the medium [m/s].

Intensity [ = %ceoEg

Time-averaged intensity (irradiance) of a plane electromagnetic wave. [
= power per unit area [W/m?]; ¢ = speed of light in the medium [m/s];
€o = permittivity of free space; Eg = peak (amplitude) of the electric

field [V/m]. The factor 1/2 comes from time-averaging cos?.

Bi)\?
. 2 = :
Sellmeier 7 ()\) =1 + zl: m

Sellmeier dispersion equation: empirical model for wavelength-dependent
refractive index. n(\) = refractive index at wavelength A\; A = free-space
wavelength [m]; B; = dimensionless strength coefficients for each reso-
nance; C; = resonance wavelength parameters [m?] (related to absorption
frequencies of the material). Material-specific; typically 2-3 terms.

c dn
Fg, Ng—n_Aa
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Group velocity and group index. vy = group velocity, the speed at which
a wave packet (pulse) propagates [m/s]; ¢ = speed of light in vacuum; Ny
= group index (dimensionless); n = phase refractive index; A = wave-
length [m]; dn/d\ = dispersion of the refractive index [m~!]. In normal
dispersion (dn/dX < 0), Ng > n so vy < ¢/n.

Plane wave FE(z,t) = Egcos(kz — wt + ¢o)

k=2 2

3 w =2nf, U:fA:E

Monochromatic plane wave propagating in the +z direction. E(z,t) =
electric field at position z and time t [V/m]; Ey = amplitude (peak value)
[V/m]; k = wavenumber [m~1], the spatial frequency; z = position along
propagation direction [m]; w = angular frequency [rad/s]; ¢ = time [s];
¢o = initial phase [rad]; A = wavelength [m]; f = frequency [Hz]; v =

phase velocity [m/s].
Snell’s Law & Fresnel
n1sin @; = ns sin 0

Snell’s law of refraction. n; = refractive index of the incident medium,;
0; = angle of incidence (measured from the surface normal) [rad or de-
grees|; no = refractive index of the transmitted medium; 6; = angle of
transmission (refraction) [rad or degrees].

R, — <n1 cos 6; — na cos b; )2

n1 cos 0; + ns cos 0

Fresnel reflectance for s-polarization (TE). Rs = fraction of incident
power reflected for light polarized perpendicular to the plane of inci-
dence (dimensionless, 0 < Rs < 1); n1,n2 = refractive indices of media
1 and 2; 6; = angle of incidence; ; = angle of transmission (from Snell’s
law).

R - (ng cosf; — n1 cos 0, )2
P \ nacos0; + ni cos b,
Fresnel reflectance for p-polarization (TM). R, = fraction of incident
power reflected for light polarized parallel to the plane of incidence. Same
variables as Rs. Note the swapped positions of n; and ns compared to

Rs.
n n 2
1 — N2
Normal inc. R = (7>

ni + ng
Reflectance at normal incidence (0; = 0). R = fraction of power re-
flected (dimensionless); ni,ng = refractive indices. At normal incidence

Rs = Rp = R; polarization does not matter.

tanfp = -2 (Brewster)
n

1

Brewster’s angle. 0 = Brewster angle [rad or degrees|, the angle of in-
cidence at which R, = 0 (no p-polarized reflection); n1,n2 = refractive
indices. At 0p, reflected light is purely s-polarized.

0. = arcsin(@> (Critical)

ni
Critical angle for total internal reflection (TIR). 0. = critical angle [rad
or degrees|; n1 = refractive index of the denser medium (where light
originates); nma = refractive index of the less dense medium (ns < np

required). For 6; > 0., all light is reflected; none is transmitted.

2 2
ny —n3

Fiber NA NA = sin fin max =
Numerical aperture of an optical fiber (or waveguide). NA = numerical
aperture (dimensionless), characterizes the range of angles over which
the fiber accepts light; 6i,, max = maximum acceptance half-angle at the
fiber input [rad or degrees]; n1 = refractive index of the fiber core; ng =

refractive index of the cladding (n2 < n1).
Absorption & Attenuation
I(Z) = Io e_az

Beer—Lambert law: exponential attenuation of light intensity in an ab-
sorbing medium. I(z) = intensity (irradiance) at depth z [W/m?2]; Iy =

(©) 2026 Thsan S. All rights reserved.

incident intensity at z = 0; a = absorption coefficient [m~! or Np/m], a
measure of how strongly the medium absorbs; z = propagation distance
into the medium [m].

ey
o =
AeL

Absorption coefficient from complex permittivity. o = absorption coeffi-

cient [m~1]; £/ = imaginary part of relative permittivity (loss factor); A

= free-space wavelength [m]; &/

;. = real part of relative permittivity.

Pout _
Pun

Power attenuation through an absorbing medium. Pyt = output power

—2az

[W]; P, = input power [W]; a = absorption coefficient [m~1]; z = prop-
agation distance [m]. The factor of 2 appears because power is propor-
tional to B2, so P oc I ox F? x e 2%%,

Complex Refractive Index
N =n+jk
Complex refractive index. N = complex refractive index (not to be con-
fused with number density); n = real part, the ordinary refractive index
(determines phase velocity); j = /—1 = imaginary unit; x = extinc-
tion coefficient (dimensionless), quantifies absorption (rate of amplitude
decay).

2wk ATk
Absorption 0 = —— = ——

c A

Absorption coefficient from extinction coefficient. o = absorption coef-
ficient [m~!]; w = 27 f = angular frequency [rad/s]; x = extinction co-
efficient; ¢ = speed of light in vacuum [m/s]; A = free-space wavelength
[m].

Electric Polarization
D=¢0E+P=c¢E

Constitutive relation for a linear dielectric. D = electric displacement
field [C/m?], accounts for both free and bound charges; g = permittivity
of free space; E = applied electric field [V/m]; P = polarization (elec-
tric dipole moment per unit volume) [C/m?]; &, = relative permittivity
(dielectric constant) of the material (dimensionless, €, > 1).

P = X650E7 er =1+ Xe

Polarization and susceptibility. P = polarization [C/m2]§ Xe = electric
susceptibility (dimensionless), measures how easily the material polar-
izes; €9 = permittivity of free space; E = electric field [V/m]; e, =

relative permittivity. The “1” in e, = 1 4+ xe represents the vacuum
contribution.
P =N payg P=0acEinc

Microscopic origin of polarization. P = macroscopic polarization [C/m?];
N = number density of polarizable units (atoms, ions, or molecules)
[m~3]; pavg = average induced dipole moment per unit [Cm]; p = in-
duced dipole moment of a single atom/ion [Cm]; a. = atomic/ionic
polarizability [F m? or C2s?/(kgm?)]; Ejo. = local electric field actually
experienced by the atom (differs from the applied field E) [V/m].

Eloc =F + i
360
Lorentz local field at an atomic site in a cubic crystal. FEj,. = local
electric field [V/m]; E = applied (macroscopic) electric field [V/m]; P =
polarization [C/m?2]; eg = permittivity of free space. The P/(3e0) term
is the depolarization correction from surrounding dipoles.
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Clausius—Mossotti
er—1  Nae
er+2 3eo

Clausius—Mossotti relation: connects the macroscopic dielectric constant

to the microscopic polarizability. &, = relative permittivity (macroscopic,
measurable); N = number density of polarizable units [m~3]; ae = po-
larizability per unit [Fm?]; &9 = permittivity of free space. Valid for
non-polar, cubic-symmetry materials.

3eo(er — 1)

N(er+2)

Inverse form: extract total polarizability from measured e,.

Rearranged: aiotal =

Qtotal =
total polarizability per formula unit [F m?]. All other variables as above.

Polarizability Mechanisms
Qttotal = Qe + Qi + 0g

Total polarizability has three contributions. ayota; = total polarizability
[Fm?]; ae = electronic polarizability (displacement of electron cloud rel-
ative to nucleus; active at all frequencies including optical); a; = ionic
polarizability (displacement of cations relative to anions; active up to in-
frared frequencies); ag = dipolar (orientational) polarizability (rotation
of permanent dipoles to align with field; active only at low frequencies,
below microwave).

ae = 4megR®  (electronic)

Electronic polarizability of a spherical atom/ion. ae = electronic polar-
izability [F m2]; g = permittivity of free space; R = radius of the atom
or ion [m]. Larger atoms/ions are more polarizable because the electron
cloud is more loosely bound.

_ 7
~ 3kpT

Orientational (dipolar) polarizability in the weak-field, high-temperature

aq (orientational)

limit. a4 = dipolar polarizability [F m?]; p = magnitude of the perma-
nent electric dipole moment of the molecule [Cm]; kg = Boltzmann con-
stant; 7' = absolute temperature [K]|. Thermal agitation opposes align-
ment, so ay decreases with increasing T'.

_PE

T kT

Langevin function: exact expression for orientational polarization (valid

1
Langevin L(LII) = COth({Z?) - 5, x

at any field strength). L(z) = Langevin function (dimensionless, ap-
proaches 1 for z — o0); @ = ratio of dipole alignment energy to thermal
energy; p = permanent dipole moment [Cm]; E = electric field [V/m];
k = kp = Boltzmann constant; 7' = temperature [K]. In the weak-field

limit (z < 1), L(z) ~ x/3, which yields ag = p?/(3kpT).
Optical Permittivity

Qopt = ae(cation) + a.(anion)

Erop — 1 _ Naopt

Erop + 2 350

Clausius-Mossotti at optical frequencies. aopt = total optical polariz-

ability per ion pair [Fm?], the sum of electronic polarizabilities of the
cation and anion (only a. contributes at optical frequencies; o; and ag
are too slow to follow); e,0p = optical (high-frequency) relative permit-
tivity; N = number density of ion pairs [m~3]; &g = permittivity of free
space.

Debye Relaxation

Ers — Eroco
er(W) = €roo + 11 jor
Debye relaxation model: frequency-dependent complex permittivity for
a single relaxation process. e,(w) = complex relative permittivity at an-
gular frequency w; e,5 = static (DC, w = 0) relative permittivity; eroo =
high-frequency (w — 0o) relative permittivity; j = /—1; w = 27f = an-
gular frequency [rad/s|; 7 = Debye relaxation time [s], the characteristic
time for dipoles to respond to a changing field.

(©) 2026 Thsan S. All rights reserved.

/ Ers — Eroo " (Ers - 87‘00)(*}7-
Er=Crot ey P T Ty e
14 w?7 1+ w2t
Real and imaginary parts of the Debye permittivity. /. (w) = real part
(storage component), represents energy stored per cycle; !/ (w) = imag-
inary part (loss component), represents energy dissipated per cycle. /.
decreases monotonically from e,5 t0 £,00 as w increases. s;’ peaks at

wr = 1.

1

€
tand = —-
’

Loss tangent (dissipation factor). tand = ratio of energy dissipated to
energy stored per cycle (dimensionless); § = loss angle [rad]; €/ = imag-
inary part of permittivity (loss); /. = real part (storage). Low tand is
desirable for capacitor dielectrics.

Peak of €/ occurs at wr = 1: E;"/,peak = (&rs — €rco)/2

Complex ¢ E,«(w) = E;«(w) — jE.’,‘/(w)
General complex permittivity notation. The negative sign convention
ensures that €// > 0 corresponds to loss (energy absorption). e and &/

are both real, positive quantities.
> w .
Complex k k= —\Er = k‘l + ’Lk“
&

Complex wavevector in a lossy medium. k= complex wavenumber [m~1];
w = angular frequency [rad/s]; ¢ = speed of light in vacuum [m/s]; e,
= complex relative permittivity; k' = real part (propagation constant,
determines phase velocity v, = w/k’) [m~1]; k" = imaginary part (at-

tenuation constant, determines amplitude decay) [m™1].

Wave in Lossy Medium
E(Z) = FE, e—k”z ei(k’z—wt)

Electric field of a plane wave in an absorbing (lossy) medium. E(z) =
electric field at position z and time ¢ [V/m]; Fy = initial amplitude [V/m];
e=kz = exponential decay envelope (attenuation); k" = imaginary part
of the complex wavevector [m~!]; z = propagation distance [m]; k' =
real part of the wavevector [m~!]; w = angular frequency [rad/s]; t =
time [s]. The wave both propagates (via k') and decays (via k’’).

Gauss’s Law for D

V:-D= Pfree, fD -dA = eree,enclosed

Gauss’s law in differential and integral form. V - D = divergence of the
displacement field; pgee = volume density of free charges [C/m?]; § D-dA
= flux of D through a closed surface; dA = outward-pointing area ele-
ment [m?]; Qfree,enclosed = total free charge enclosed by the surface [C].
Bound (polarization) charges are absorbed into D.

Boundary Dp1 — Dpo = af

Boundary condition for the normal component of D at an interface. D1
= normal component of D in medium 1 [C/m2]; Dj2 = normal com-
ponent in medium 2; oy = free surface charge density at the interface
[C/m?]. If no free surface charge (oy = 0), then Dyp1 = Dpa.

Capacitors & Energy

ere0A
d

Capacitance of a parallel-plate capacitor. C = capacitance [F]; &, = rel-

C =

ative permittivity of the dielectric between plates; €9 = permittivity of
free space; A = area of each plate [m?]; d = separation between plates

[m].

1 1
u= 55,«50E2 = 5D -E

Energy density stored in an electric field. u = energy per unit volume
[J/m3]; e, = relative permittivity; eop = permittivity of free space; F =
electric field magnitude [V/m]; D = displacement field [C/m?]. Total
stored energy: U = %C’VQ, where V' = voltage across the capacitor [V].

Parallel Ctot = Ol +Cz —+ - Series ]-/Ctot = 1/01 +1/02 —+ -
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Capacitors in parallel and in series. Ctot = total equivalent capacitance

[F]; Cl,CQ, e

add. Series: same charge, voltages add.
EoA

di/er1 +da/er2

Capacitance with two dielectric layers in series. C' = total capacitance

= individual capacitances. Parallel: same voltage, charges
Multilayer C =

[F]; eo = permittivity of free space; A = plate area [m?]; dq,d2 = thick-
nesses of dielectric layers 1 and 2 [m]; €,1,e,2 = relative permittivities
of the two layers. Each layer acts as a capacitor in series.

Piezoelectricity

P =d-T (direct), S =d-E (converse)

Piezoelectric effect. Direct effect: mechanical stress produces polariza-
tion. Converse effect: electric field produces strain. P = induced polar-
ization [C/m?]; d = piezoelectric coefficient [C/N or m/V]; T' = applied
mechanical stress [N/m? = Pal; S = induced mechanical strain (fractional
deformation, dimensionless); E = applied electric field [V/m]. Note: d
has the same numerical value in both equations.

f= % (resonance), Q = Jge;

Resonance of a piezoelectric crystal. f = fundamental resonant frequency
[Hz]; v = speed of sound (acoustic velocity) in the crystal [m/s]; L =
thickness of the crystal in the vibration direction [m]; the crystal res-
onates when L equals half an acoustic wavelength. @ = quality factor
(dimensionless), measures the sharpness of the resonance; fres = reso-
nant frequency [Hz]; Af = full width at half maximum (FWHM) of the
resonance peak [Hz|. Higher QQ means lower energy loss per cycle.

Standing Waves & Interference
E = 2Eq cos(kz) cos(wt)

Standing wave formed by superposition of two counter-propagating plane
waves of equal amplitude. E = electric field [V/m]; Ey = amplitude of
each individual wave [V/m]; k = 27/\ = wavenumber [m~!]; z = posi-
tion [m]; w = 27 f = angular frequency [rad/s]; ¢ = time [s]. Nodes (zero
amplitude) are spaced \/2 apart; antinodes (maximum amplitude 2Fy)
are halfway between nodes.

Double slit A = dsinf

Path difference in Young’s double-slit experiment. A = path length dif-
ference between waves from the two slits arriving at angle 6 [m]; d = slit
separation (distance between the two slits) [m]; 6 = observation angle
from the central axis [rad or degrees]. Constructive interference: A = n\
(n=0,1,2,...). Destructive interference: A = (n + 1/2)\.

Superposition (Infinite Well)

—iE1t/h —iEot/h

U(z,t) = crpie + cap2e

Time-dependent superposition of two stationary states. W(z,t) = total
wavefunction; ¢1, co = expansion coefficients (probability amplitudes, di-
mensionless, with |c1]|? + |c2]? = 1); @1, 92 = spatial wavefunctions of
states 1 and 2 (e.g., \/2/asin(nwz/a)); E1, E2 = energies of states 1 and
2 [J]; h = reduced Planck’s constant; ¢ = time [s]; i = v/—1. The e~ &t/"
factors are the time-evolution phases.

h

Probability density of the superposition state (assuming real ci,c2).

(B2 — El)t>

[W|* = clol + chph + 2c10201 02 COS<

The first two terms are the static contributions from each state; the
third (cross) term oscillates in time. Oscillation angular frequency:
wo1 = (B2 — E1)/h [rad/s]. The probability density “sloshes” back and
forth in the well at this frequency.
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Material Properties

Material —a (nm) E4 (eV)
Si 0.543 1.12
Ge 0.566 0.66
GaAs 0.565 1.42
Diamond  0.357 5.5

a = cubic lattice constant [nm]; E, = band gap energy at room temper-
ature [eV]. Si and Ge are indirect-gap semiconductors (diamond cubic);
GaAs is direct-gap (zinc blende).

Si: msi = 4.99 x 10?2 cm ™3, p = 2.33 g/cm?

ngi(refractive) = 3.48, ngjo, = 1.44

ng; (first) = atomic number density of silicon [cm™3]; p = mass density
[g/cm3]; ng; (refractive) = refractive index of silicon at ~1550 nm; ns;o,
= refractive index of silicon dioxide (glass).

Spectroscopic Notation
1=0,1,2,3 = s,p,d, f
Shell capacity: 2(2¢ + 1) electrons per subshell

Mapping of orbital quantum number ¢ to letter labels. ¢ = 0 — s,
{=1—p £=2—d, =3 — f. Each subshell with quantum number
£ holds up to 2(2¢4 1) electrons: s holds 2, p holds 6, d holds 10, f holds
14. The factor 2 accounts for spin (ms = £1/2); (2¢ + 1) counts the
allowed my values.

Useful Identities & Conversions
1eV=1602x10"°J, 1nm=10"%m,
E =he/X\: at A=1240 nm, £ =1eV
Euler € = cos0 4 isind

Euler’s formula. e = base of the natural logarithm (& 2.718); ¢ = /—1; 0
= angle [rad]. Connects complex exponentials to trigonometric functions;

1A=01nm

fundamental to wave physics.

sinh(z) = (e — e %)/2, cosh(z) = (e +e7)/2

Hyperbolic sine and cosine. Used in tunneling transmission (sinh) and
standing wave analysis (cosh). z = argument (dimensionless in physics
applications).

Stopping eVstop = KEmax = hf -0

Stopping potential in the photoelectric effect. Vitop = stopping voltage
[V], the reverse bias needed to halt the most energetic photoelectrons; e
= elementary charge; K Fmax = maximum kinetic energy [J or eV]; hf
= photon energy; ® = work function. Measuring Vitop vs. f gives h/e
as the slope and —®/e as the intercept.

he=197.3 eVnm, mec? =0.511 MeV

Useful constants. hic = product of reduced Planck’s constant and speed

of light [eV nm]; mec? = electron rest mass energy [MeV].

Dispersion F = hw, p = hk

Dispersion relations connecting energy/momentum to wave properties.
E = energy [J]; h = reduced Planck’s constant; w = angular frequency
[rad/s]; p = momentum [kgm/s]; k& = wavevector [m~!].

Free electron ’l/) = Aejkz, k= m/h

Free electron (plane wave) wavefunction. ¢ = wavefunction; A = normal-
ization constant; j = v/—1; k = wavevector [m~!]; & = position [m]; m.
= electron mass; E = kinetic energy [J]; & = reduced Planck’s constant.
R+ T =1 (reflection + transmission = 1)

Conservation of probability (or power). R = reflection coefficient (prob-
ability of reflection); T' = transmission coefficient (probability of trans-
mission). All incident flux must be either reflected or transmitted.

N = n./a® (number density from unit cell)

Number density of atoms/ions. N = number of atoms or ion pairs per
unit volume [m~3]; n. = number of atoms (or formula units) per unit

cell; a = lattice constant [m]; a® = volume of the cubic unit cell [m3].
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