
ECE 109: Principles of Electronic Materials

Study Reference — Key Equations with Variable Definitions (Lessons 1–6)

Physical Constants

h 6.626× 10−34 J s
ℏ = h/2π 1.055× 10−34 J s
hc 1240 eVnm
me 9.109× 10−31 kg
e 1.602× 10−19 C
kB 1.381× 10−23 J/K

= 8.617× 10−5 eV/K
ε0 8.854× 10−12 F/m
µ0 4π × 10−7 N/A2

c0 3.0× 108 m/s
NA 6.022× 1023 mol−1

a0 0.0529 nm (Bohr radius)
e2

4πε0
1.44 eVnm

kBT |300K 0.02585 eV

Wave–Particle Duality

E = hf = ℏω

f = frequency, ω = 2πf = angular frequency

p =
h

λ
=
hf

c

p = photon momentum, λ = wavelength

Photoelectric: KEmax = hf − Φ

Φ = work function (min. energy to free electron)

λ =
h

p
=

h√
2me eV

de Broglie λ for electron accelerated through V

Schrödinger Equation

Momentum op. p̂ = −iℏ ∂

∂x

Expectation ⟨A⟩ =
∫
ψ∗Â ψ dx

Â = quantum operator for observable A

Normalization

∫ ∞

−∞
|ψ|2 dx = 1

TDSE iℏ ∂
∂t

|ψ⟩ = Ĥ|ψ⟩

Hamiltonian Ĥ = − ℏ2

2m
∇2 + V (r)

Ĥ = Hamiltonian (total energy operator)

TISE
d2ψ

dx2
+

2me

ℏ2
(E − V )ψ = 0

V = potential energy, E = total energy

Infinite Potential Well

ψn(x) =

√
2

a
sin

(nπx
a

)
En =

n2π2ℏ2

2mea2
=

n2h2

8mea2

a = well width, n = 1, 2, 3, . . .

|ψn|2 =
2

a
sin2

(nπx
a

)
∆En = En+1 − En =

(2n+ 1)h2

8mea2

3D box En1n2n3 =
h2

8me

(
n2
1

a2
+
n2
2

b2
+
n2
3

c2

)
a, b, c = box dimensions along x, y, z

Finite Potential Well

k2 =
2meE

ℏ2
, α2 =

2me(V0 − E)

ℏ2
k = wavevector inside well, α = decay const. out-

side

Even α = k tan

(
ka

2

)
Odd α = −k cot

(
ka

2

)
Transcendental eqs solved graphically for bound

states

Penetration δ =
1

α
=

ℏ√
2me(V0 − E)

δ = penetration depth into classically forbidden

region

Bound states N ≤
⌊

1
2
+ a

π

√
2meV0

ℏ2

⌋
Quantum Tunneling

T =
1

1 +D sinh2(αa)

D =
V 2
0

4E(V0 − E)
, α =

√
2me(V0 − E)

ℏ
T = transmission prob., V0 = barrier height, a =

barrier width

Thick barrier T ≈ T0 e
−2αa, T0 =

16E(V0 − E)

V 2
0

Valid when αa ≫ 1 (opaque barrier)

STM current I ∝ Vb e
−2αd, α =

√
2meϕ

ℏ
Vb = bias, d = tip–sample gap, ϕ = avg. work

function

Uncertainty Principle

∆x ·∆p ≥ ℏ
2
, ∆E ·∆t ≥ ℏ

2

∆x, ∆p = std. dev. of position/momentum

Hydrogen Atom

V (r) =
−Ze2

4πε0r

Z = atomic number (1 for hydrogen)

En =
−13.6 eV

n2

n = principal quantum number

L = ℏ
√
ℓ(ℓ+ 1), Lz = mℓℏ

ℓ = orbital angular momentum quantum number

S = ℏ
√
s(s+ 1) =

√
3

2
ℏ, Sz = msℏ

Quantum numbers: n = 1, 2, . . . ; ℓ =
0 . . . n−1; mℓ = −ℓ . . .+ ℓ; ms = ± 1

2

Degeneracy: n2 orbitals, 2n2 states per
shell

Selection rules ∆ℓ = ±1, ∆mℓ = 0,±1

Governs allowed electric dipole transitions

Virial ⟨T ⟩ = −E, ⟨V ⟩ = 2E

Relates average kinetic/potential energy to total

energy

© 2026 Ihsan S. All rights reserved. ECE 109 Study Reference — 1



Interatomic Bonding

E(r) = −A
r
+

B

rm

A = attractive const., B = repulsive const., m ≈
6–12

Ionic A =
Me2

4πε0
M = Madelung constant (geometry-dependent)

Elattice(r) = − Me2

4πε0 r
+

B

rm

Ebond =
A

r0

(
1− 1

m

)
r0 = equilibrium bond distance where dE/dr = 0

r0 =

(
mB · 4πε0
e2M

)1/(m−1)

Crystal Structures

atoms CN APF r(a)

SC 1 6 0.52 a/2

BCC 2 8 0.68 a
√
3/4

FCC 4 12 0.74 a
√
2/4

DC 8 4 0.34 a
√
3/8

CN = coordination number, APF = atomic pack-

ing fraction, r = atomic radius, a = lattice con-

stant

Density ρ =
ncMa

NA a3

nc = atoms per unit cell, Ma = molar mass

NaCl M = 1.748 CsCl M = 1.763

Surface σ100 =
2

a2
, σ110 =

2
√
2

a2
, σ111 =

4√
3 a2

σhkl = planar atomic density for FCC

[atoms/area]

X-ray Diffraction

dhkl =
a√

h2 + k2 + l2

dhkl = spacing between (hkl) planes

2d sin θ = nλ (Bragg’s law)

θ = diffraction angle, n = order, λ = X-ray wave-

length

Systematic absences:

BCC: h+k+l = even

FCC: h, k, l all odd or all even

Crystal Defects

nv = N exp

(
− Ev

kBT

)
nv = vacancy conc., N = atomic sites per volume,

Ev = formation energy

Stoichiometry

wA =
xMA

xMA + yMB
, xi =

ni∑
j nj

wA = weight fraction, xi = mole fraction

Band Theory

Eg = Ec − Ev

Eg = band gap, Ec = conduction band edge, Ev

= valence band edge

Photoemission

Metal: hf > Φ, KE = hf − Φ

Semiconductor: hf > Eg + χ

χ = electron affinity (vacuum level to Ec)

E–k Dispersion & Effective Mass

E =
ℏ2k2

2m∗
e

Parabolic approx. near band extrema; k = crystal

wavevector
1

m∗
e

=
1

ℏ2
d2E

dk2

m∗
e = effective mass (from band curvature)(

1

m∗

)
ij

=
1

ℏ2
∂2E

∂ki ∂kj

Density of States

g(E) = 8π
√
2
(me

h2

)3/2

E1/2

g(E) = states per unit energy per unit volume

Sv(E
′) =

π(8meE
′)3/2

3h3

Sv = cumulative states up to energy E′

Fermi–Dirac Statistics

f(E) =
1

1 + exp

(
E − EF

kBT

)
f(E) = occupation probability; EF = Fermi en-

ergy

Boltzmann approx. f ≈ e−(E−EF )/(kBT ) for
E − EF ≫ kBT

Boltzmann ratio
N2

N1
= exp

(
−E2 − E1

kBT

)

EF0 =
h2

8me

(
3n

π

)2/3

EF0 = Fermi energy at T = 0; n = electron con-

centration

EF (T ) = EF0

[
1− π2

12

(
kBT

EF0

)2
]

Ē =
3

5
EF0

Average electron energy at T = 0

Fermi vel. vF =
√

2EF /me

Thermal vel. vrms =
√

3kBT/me
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Drude Model & Conduction

vF =

√
2EF

me
, l = vF τ

vF = Fermi velocity, l = mean free path, τ =

mean free time

vdx =
eEx

me
τ = µEx

vdx = drift velocity in applied field Ex

µ =
eτ

me

µ = electron mobility [m2/(V s)]

Jx = en vdx = σEx

Jx = current density, n = electron concentration

σ =
ne2τ

me
= neµ

σ = conductivity [S/m]

R =
ρL

A
, ρ =

1

σ

R = resistance, ρ = resistivity, L = length, A =

area

Band model σ = 1
3
e2v2F τ g(EF )

Electron conc. n =
Z · d ·NA

Mat

Z = valence, d = mass density, Mat = atomic

mass

Mean free time τ =
me

ne2ρ

Thermoelectrics

S =
dV

dT
(Seebeck coeff.)

S = Seebeck coefficient [V/K]

VAB =

∫ T

T0

(SA − SB) dT

VAB = thermocouple voltage between materials

A, B

Contact potential ∆V =
Φ1 − Φ2

e
Voltage from work function difference at junction

Maxwell’s Equations

∇ · D⃗ = ρfree

∇ · B⃗ = 0

∇× E⃗ = −∂B⃗
∂t

∇× H⃗ = J⃗ +
∂D⃗

∂t

EM Waves & Optics

∇2E− 1

c2
∂2E

∂t2
= 0

c0 =
1

√
ε0µ0

, n =
√
εr, c =

c0
n

n = refractive index, εr = relative permittivity

D⃗ = ε0E⃗ + P⃗ = εrε0E⃗

P⃗ = polarization, D⃗ = displacement field

Sellmeier n2(λ) = 1 +
∑
i

Biλ
2

λ2 − Ci

Bi, Ci = material-specific Sellmeier coefficients

vg =
c

Ng
, Ng = n− λ

dn

dλ
vg = group velocity, Ng = group index

Snell’s Law & Fresnel

n1 sin θi = n2 sin θt

θi = incidence, θt = transmission angle

Rs =

(
n1 cos θi − n2 cos θt
n1 cos θi + n2 cos θt

)2

Rs = reflectance, s-polarized (⊥ plane of inci-

dence)

Rp =

(
n2 cos θi − n1 cos θt
n2 cos θi + n1 cos θt

)2

Rp = reflectance, p-polarized (∥ plane of inci-

dence)

Normal inc. R =

(
n1 − n2

n1 + n2

)2

tan θB =
n2

n1
(Brewster)

θB = Brewster angle (Rp = 0)

θc = arcsin

(
n2

n1

)
(Critical)

θc = critical angle for TIR (n1 > n2)

Absorption & Attenuation

I(z) = I0 e
−αz

α = absorption coefficient [Np/m]

α =
πε′′r
λ
√
ε′r

Pout

Pin
= e−2αz

Power (not field) attenuation uses 2α

Wave Properties

Plane wave E(z, t) = E0 cos(kz − ωt+ ϕ0)

k =
2π

λ
, ω = 2πf, v = fλ =

ω

k
k = wavenumber, ω = angular frequency

Standing wave E = 2E0 cos(kz) cos(ωt)

Antinode spacing = λ/2
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Electric Polarization

D = ε0E+P = εrε0E

P = χeε0E, εr = 1 + χe

χe = electric susceptibility

P = N · pavg

N = number density, pavg = avg. dipole moment

per unit

p = αe Eloc

αe = polarizability, Eloc = local field

Eloc = E +
P

3ε0
Lorentz local field (includes depolarization from

surroundings)

Clausius–Mossotti

εr − 1

εr + 2
=
Nαe

3ε0
Relates macroscopic εr to microscopic polariz-

ability αe

Rearranged: αtotal =
3ε0(εr − 1)

N(εr + 2)

Polarizability Mechanisms

αtotal = αe + αi + αd

electronic + ionic + orientational (dipolar)

αe = 4πε0R
3 (electronic)

R = atomic/ionic radius

αd =
p2

3kBT
(orientational)

p = permanent dipole moment; dominates at low

ω

Langevin L(x) = coth(x)− 1

x
, x =

pE

kT
Exact orientational polarization; αd is the weak-

field limit

Optical Permittivity

At optical freq., only αe contributes:

αopt = αe(cation) + αe(anion)

εrop − 1

εrop + 2
=
Nαopt

3ε0
εrop = optical (high-freq.) relative permittivity

Debye Relaxation

εr(ω) = εr∞ +
εrs − εr∞
1 + jωτ

εrs = static (DC), εr∞ = high-freq. permittivity,

τ = relaxation time

ε′r = εr∞ +
εrs − εr∞
1 + ω2τ2

ε′′r =
(εrs − εr∞)ωτ

1 + ω2τ2

ε′r = storage (real), ε′′r = loss (imaginary)

tan δ =
ε′′r
ε′r

Loss tangent; energy dissipated / stored per cycle

Complex ε εr(ω) = ε′r(ω)− jε′′r (ω)

Complex k k̃ =
ω

c

√
εr = k′ + ik′′

Wave in Lossy Medium

E(z) = E0 e
−k′′z ei(k

′z−ωt)

k′′ = imaginary part of wavevector (attenuation)

Gauss’s Law for D

∇ ·D = ρfree∮
D · dA = Qfree,enclosed

Boundary Dn1 −Dn2 = σf

σf = free surface charge density at interface

Capacitors & Energy

C =
εrε0A

d

C = capacitance, A = plate area, d = separation

U =
1

2
CV 2 =

1

2
εrε0E

2 · (Vol)

u =
1

2
εrε0E

2 =
1

2
D ·E

u = energy density [J/m3]

Piezoelectricity

P = d · T (direct), S = d · E (converse)

d = piezoelectric coeff., T = stress, S = strain

f =
v

2L
(resonance), Q =

fres
∆f

v = acoustic velocity, L = crystal thickness, Q =

quality factor

Number Density (Ionic Crystals)

N =
nc

a3

e.g. NaCl: nc = 4 ion pairs per unit cell

Useful Identities

1 eV = 1.602× 10−19 J

1 nm = 10−9 m = 10 Å

E = hf = hc/λ; at λ = 1240 nm, E =
1 eV

Euler eiθ = cos θ + i sin θ

sinh(x) = (ex − e−x)/2, cosh(x) = (ex +
e−x)/2
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